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Outline

* Systems and I/O behaviours

* Linear time-invariant Discrete-time systems and behaviours
° Discrete Transfer-function
o State-space representations

* Representation of a sampled-data system
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Definitions

* Atimeset 7 is a subgroup of (R, +)
© Continuous-Time: 7 =R
° Discrete-Time (DT): 7 =Z

© Discrete-Event: 7 is a countable subset of R and there is a
finite number of elements between any two elements
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Sequences

* asequence u is a mapping froma a subset of 7 to a set U

* given an interval I the set of all sequences from I into U/ is
denoted as:

U' ={w |w: I -U}
* Example if 7 = Z the set U%%) = w(0),...,w(k — 1)
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System

* a system (or machine) is a five tuple X = (7, X, U, ¢) consisting
of:

°© atimeset7T

© a nonempty statespace X

© an input-value space U

° atransition map ¢ : Dy — X defined on a subset D, of:

{(T,O',Qf,w) ’ T,0 € T,XE X’w GZ/[[UaT)}

o ... and some techinical axioms that we omit here.
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System with output

* A system with output is a system X with:
© a set Y called the measurement-value space

° areadout map h:
h: 7T xX —)Y

° It Is possible to consider output maps where the ouput
depends also on the input (e.g., non strictly causal systems)

h:TxXxU—)Y
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Some taxonomy

* a DT system is one for which 7 = 7Z
* a system is time-invariant (TI) iff

for each w € U!°7), each x € X, each u € T,
if w is admissible for z then w* € YLTrTHH) Wi =

w(t — ) is admissible for x,
moreover (7,0, x,w) = ¢(t + u, o + p, x,w")
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FSM

* Finite State Machines (FSM)
o X is finite
° U is finite
° Y is finite
© 7T is a discrete-event timeset
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Trajectory

* A trajectory is a pair of functions (¢,w), ¢ € X!, w € U! such that

5(7_) — ¢(7_7 g, 5(0)7 W

o, 7'))

holds for each pairo, 7 € I,0 < 7
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I/O behaviour

* an I/O behaviour is a 4-tuple A = (7,U, Y, \) consisting of
° atimeset T
° a nonempty control-value set U/
© a nonempty output-value set Y

° aresponse map: A : D, — Y which is defined on a noneempty
subset D, of

{(7-70-7(*)) ‘ o, T € T,O’ < T, W EZ/[[UaT)}
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I/S behaviour - System

* [nitialised system is a pair (X, xg), where z is the initial state

* an Input/State (I/S) behaviour of (X, zq) is the behaviour with the
same 7 ,U as X and with output-value space X', whose response

map is defined on the projection

{(r,0,w) | (1,0,20,w) € Dy}

AT, 0,w) = O(T,0,20,w).
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/O behaviour of a System

° if (X, x0) is an initialised system with output, then the 1/0
behaviour of (X, x¢) hasthe same 7, U,)Y as o

* the domain is the projection
{(7_7 07w> ‘ (7_7 g, 3307(*}) = D¢}
* and response map:

ANT,0,w) = h(T, (1,0, 20,w))
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Linear systems

* ADT system X is linear over the field K if
° It is complete (every input is admissible for every state)
°© X and U/ are vector spaces
°© P(t,.,.) is linear for each t € Z where

P(t,x,u) = ot + 1,t,x,w)

* In addition, if the system has output then
© Y is a vector space
° h(t,.) is linear for each t

Ingegneria dell’Automazione - Sistemi in Tempo Reale — p.13/3



Linear DT systems

* Linearity is equivalent to the existence of two matrices A(?),
B(t) such that

P(t,z,u) = A(t)x + B(t)u
* if the system has outputs then
h(t,z) = C(t)x
° if the output depends on u then
h(t,z,u) = C(t)x + D(t)u

* if the system is Tl then A(t), B(t), C(t), D(t) do not depend
ont
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Reachability

z(k+1) = f(z(k), u(k))
IS reachable
iff for any xg, x1,there exists u(k), k =0,1,... N such that z(0) = x

and z(N) = x;

Ingegneria dell’Automazione - Sistemi in Tempo Reale — p.15/3



Reachability - Linear Systems

* Forz(k+ 1) = Ax(k) + Bu(k), we have:

z(n) = A"z(0)+ A" 1Bu(0)+... + Au(n — 1) =
u(n — 1)
= A"z(0)+ [BAB...A""1B] |u(n — 2)
] ] .. u(0)
u(n —1)
= A"z(0) + W |u(n — 2)
.. u(0) |

* the System is reachable iff 1/, is invertible.
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Observability

Is observable
iff there exists N < oo such that z(0) = x¢ can be determined from

y(0), y(1), .-, y(IV).

Ingegneria dell’Automazione - Sistemi in Tempo Reale — p.17/3



Observability - Linear Systems

* Forz(k+ 1) = Ax(k) + Bu(k),y(k) = Cz(k), we have:

y(0) = Cz(0),y(1) = CAx(0),...

C
CA

Woxo =
CA?

.. CA”_l_

z(0)

ly(n —1).

* the System is observable iff 17/, is invertible.
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Linear DT I/O behaviours

* An I/O bevhaviour A is linear if:
° It is complete
° U, Y are vector spaces

°© foreach o € Zand 7 € Z, with o < 7, A\(7,0,w) is linear with
respect to w
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Linear DT TI1 1/0O behaviours - |

1 ift=0

* introduce §(t) (kronecker delta): §(¢) =
0 otherwise

* a generic sequence u(t) can be expressed as
u(t) = > j—p u(k)o(t — k)

* let h(t) = A\(¢,0,0(t)) (pulse response)

* due to linearity and time invariance, the response to u(t¢) can
be expressed as y(t)) = >_,__ h(t — k)u(k) = h(k) * u(k)
(convolution). For general sequences and noncausal
systems o = —o0o0, 7 = 400
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The Z —transform

* The Z—transform plays for DT systems as the Laplace
transform plays in CT systems

* given a sequence ¢(k), the Z— trasform E(z) is given by
E(z) = Zle(t)] = Y. 2 e(k)z—" where z is a complex variable
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The Z —transform |

* Some properties
o Linearity: Z[af + Bg] = aF(z) + 8G(z)

o Time-shift: Z|f(t —n)|] = 27" F(2)

o Gonvolution:
y(t) = h(t) xu(t) = Y(2) = H(2)U(2)

o Forward step: Z[y(t +1)] = 2(Y (2) — yo)

o ...please consult a basic text book...
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Transfer function

* General notations for expressing the transfer function (TF),
.e., the Z—transform of the pulse response

o> Polynomial representation: H(z) = ?iZﬁzilif.'.°f§nzz‘_ﬁ
Matlab code:

num = [b0, b1, ...bm]; den
=[1, al, ...an|;

sys = tf(num,den, T);

o Zero Pole representation: H(z) = K HZE 15?23
Matlab code:
z = [z1, ..bm]; p= [p1
..pn]; k = K;
sys = zpk(z,p,k, T);
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TFof aLTI DT system

* consider an initalised Single Input Single Output (SISO) system
x(t+ 1) = Ax(t) + Bu(t)
y(t) = Cx(t),

* the pulse response is

y(t) = Z;ZO CA'B — Y (2) =C(zI — A)~1BU(2)

with initial state o =0
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Realizationof a TF

* Realization is the converse problem: given a TF H(z) find a
system 3 whose TF is H(z)

* Preliminary point: is a realization unique? NO!, Given a
realization A, B, C also A’, B’, C’ is a realization, where

a 0 0

0 A

/ /
A= B’ =

,C' = [hC],

for any a, h.

* we aim at minimal realization (completely controllable and
observable)
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Control canonical form

» Start from: E(z) = H(2)U(z) = 53U(2), where

CL(Z) = 23 + CL122 + 22 + as3, b(Z) = bOZS + b122 + b2Z + b3
* Introduce £ = E(z)/a(z) — U(z) = b(2)¢, a(2)é = E(z)

* From the properties of the Z—transform:

a(z)§ = E(z) =
E(t+3) = e(t) — ar1§(t +2) — axd(t + 1) — a3&(?)
b(z)§ =U(z) =

u(t) = bo&(t +3) + b1&(t +2) + b2&(t + 1) + bs&(2)
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Control canonical form - |

e(t)

* Graphical representation:

b

0

/- Z\ EL(t+3)

-1 | Eut+2)

b,

3

-1

LEL(t+1)

3

u(t)
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Control canonical form - |l

o Define £(t +2) = z1(t), £(t + 1) = a2(t), £(t) = 23(t)

* |t is possible to write:

r1(t+ 1) = —ayx1(t) — asxa(t) — agxs(t) + e(k),
To(t +1) = x1(1), z3(t + 1) = 5(1)

u(t) = boe(t) + (by — arbg)x1(t)+

+(by — agbo)xa(t) + (bs — asby)xs(t)

* The system can be written as

x(t+1) =[50 §'Ix(t) + [gle(t

u(t) = [bl—albo ba—a2bo bz—azbo ]U(t) + [bo]u(t)
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Observer Canonical Form

* The difference equations can be written as:

2

23u + a1 22uagzu + asu = boz?’e + b1z°%e + boze + bse

* We put on the Ihs everything that does not depend on z:

2

bse — asu = 2°u + a1 z°uaszu — bgz>e — byz’e — boze
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Observer Canonical Form - |

* Graphical Representation

e(t)

-1 z2u+alzu+a2u-b0z"2e-blze-b

u(t)

* Hey, we can play the same game working on the output of
the delay element!!
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Observer Canonical Form - |l

* After some iteration we get:

e(t)

o o7 o7 o~

* The system can be written as
x(t+ 1) = Aox(t) + boe(t), u(t) = Cou(t) + Dyu(t) where:

_—aq 10 bl—boal
—ao 0 1]7 bo — [bg—boag]
"—a3z3 00 b3 —bpas

A, =
00: :100],D0: [bo]
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DT models of sampled-data systems

* Using Z—transform

u(kT)

D/A (ZoH) Jd s YO o ap [ YKD

v

G(z)

* Notice: G(s) and G(z) represent the same plant
* To compute G(z) apply the impulse J(¢)

* U(s) = 22— - Y (s) = C(1 — e=T)

* G(z) = Z[L Y (9)]

(1 -z 2=

S
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G(s) =7
G(z) = (1 =z Z[L7 3]
LLME =5

Property of Z—transform: Z[k"™!] = —z

Using the above: Z]|

T?z(z+1)

2(z—1)3

dZ[k"]
dz

| = G(z) = 2|2 &)

2(z—1)2
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